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The resul ts  are  shown which have been obtained by solving the differential equation which 
descr ibes  the t ransient  process  in an ideal f ine-part i t ion funnel. 

The funneling of columns for a fine separat ion of mixture components se rves  two purposes: f i rs t ly,  
it reduces the energy losses and the capital spent on equipment and, secondly, it shortens the time neces -  
sa ry  to reach the conditions at which extract ion of a product at a specified rate can begin. 

Most effective is an ideal funnel, which is character ized by the relat ion 

q = V q* �9 (1) 

While optimization with respect  to energy losses can be effected on the basis of a s teady-s ta te  anal-  
ysis  as shown in [1, 2, 3], one must know the t ransient  performance charac te r i s t i cs  of the funnel in order  
to determine the length of stabilizing t ime after which extraction of the concentrate can begin. 

At present there is no method known by which the transients  in an ideal funnel can be calculated. An 
exception is [2], where the kinetics in a multistage funnel is analyzed for c << 1. In [4] we find only an 
orientative est imate of the time | till extract ion can begin, expressed in t e rms  of the inequality: 

(9* 2 * s <  (gs< Os, (2) 

where 0~ is a dimensionless t ime parameter  defined by the initial t ransfer  and, as shown in [3], 

0* = 4 [  q + l  l n q - - 1 ] .  (3) s [2 (q - -  1) J 

It is well known that a t ransfer  of the concentrated component to the positive end of a separa tor  can, with 
the same notation as in [4], be expressed in the following manner [5]: 

]~ = Hcc  + cs c - -  K Oc , 
Oz (4) 

where, according to [4] and [1], 

for  thermodiffusive partition, 

H = a[~gP* (AT)2a3B = H*aB = H*[ ; (5) 
6!nT 

K = [~g~pa (AT)~ Ba 7 + aBpD (6) 
9b12D 

H = G(a* - -  1) = pnW(~z*-- 1)f = H' f ;  

K = qh 

(7) 
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for  dist i l lat ion,  and 

H = G*m {exp [ (M~ - -  M 1) (o * L ="*' '  (9) 

G*2m In rout_ npD(r~a__ro2u~ (lO) 
K 2a~Dp rou t 

for  a coun te rcur ren t  centr ifuge.  

As has been noted in [4], Eq. (4) desc r ibes  a lso  the counte rcur ren t  p rocess  of chemical  exchange 
and chromatography .  In all  these three  cases  opt imizat ion of energy  and capi ta l  expendi tures  is effected 
by minimizing the volume of the ideal funnel [1]. This leads to the following express ion  which de te rmines  
the shape of an ideal funnel [3]: 

] 
b(v) = (11) 

where  b(y) is the ra t io  of the t r a n s v e r s e  c r o s s - s e c t i o n  a r e a  at  y to the a r ea  a c r o s s  which the initial  con-  
centra t ion of the enriched component  is  sustained,  i .e . ,  

b (Y) = f/fo. 

Optimal ex t rac t ion  is cha rac t e r i zed  by the condition: 

CoT0 
1-Io 2(c~-Co)'  

and a s t e ady - s t a t e  condition cor responding  to (13) impl ies  that 

Bear ing in mind that  

and taking into account  (14), we obtain 

(12) 

(13) 

740 

q , =  exp ( ~ )  . (14) 

qe ce(1 --cO,  (is) 
coo --c~) 

(16) 

in lieu of (13). 

The t r ans ien t  s ta te  in a funnel  is descr ibed  by the equation: 

0c -dirT.  (17) 

Since the concent ra te  component  is t r a n s f e r r e d  in the z -d i rec t ion  only, hence by inser t ing  (4) into (17) and 
consider ing that 

we find with an introduction of d imens ion less  var iab les :  

O ~  H~'~ . Hoz (18) 
rop-~-o ' Y = - k T '  
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that 

Oc __02c + ( d l n b  % 1+2c)0C d l n b  
0-0 = Oy ~ dy b dy dy cc: (19) 

Equation (19) is nonlinear even when b = const, i.e., for a funnel of constant cross  section this equation 
t ransforms into the equations analyzed in [6, 7, 8]. 

After insert ing into (19) the values of n0 and b f rom (11) and (16), we will a r r ive  at  the differential  
equation which describes the transient  process in an ideal f ine-part i t ion funnel during extraction: 

O-O= OY' 2 [exp(-~-)- exp (~-)][ 1-I-pexp (---~-)] +l--2c 

Oc - I -  exp ( ~ ) - l - p  exp ( ~ )  
• 2[exp(~--)--exp(~-)][ 1-I-pexp (---~-)] 

co-; (20) 

where 

P = co~co. (21) 
Equation (20) is of in teres t  when applied to a funnel consisting of countercurrent  centrifuges, since a 
counterflow is possible here only with a continuous supply of f resh  material .  In rect if icat ion or in thermo-  
diffusive partition, in order  to shorten the stabilizing time, no extraction should take place until the de-  
sired concentration of the enriched product c e has been reached at the positive end of the funnel. 

In this case we let n0 = 0 in (19) and, taking into account (11), we have 

00 Og ~ 2 [ e x p ( ~ ) - - e x p ( ~ ) ] [  l + p e x p ( - - Y ) ]  + 1 - 2 c  

•  Y +  2 [ e x p ( - ~ ) - - e x p ( - ~ ) ] [  l + p e x p  ( - - - ~ ) ]  c~.. (22, 

The solution to (20) and (22) must sat isfy  the following boundary conditions: 

c [o=o = Co; c lu--o =co ; 

_) CC == 0. 
: Y = Y e  

(23) 

(24) 

We will now consider the solution to Eq. (22), which, because this equation is nonlinear, has been 
obtained with the aid of the Minsk-22 digital computer. 

Use was made of the finite-difference, stable, and implicit  grid with a rate of convergence O(l + h2). 
Designating the coefficients in Eq. (22) as follows: 

1 exp(yi/2)+pexp ( ~ )  
1 --  2Q.~ = mlj, 

,+.ex,( 
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we obtained fo r  the node (i, j) the d i f f e rence  equat ion 

(m~jh - -  1) [ci+l, i q-[h2@l ( 2 --hm~])] clj--lQ_x, i "+- h2 (Inij--c~, J -1 )=0 '  (25) 

w h e r e  h is the y - s t e p  and l is  the @-step.  

Such an equat ion can  be wr i t t en  down for  e v e r y  in te rna l  node. The boundary  condi t ions  (23) and (24), 
with (21) taken into account ,  h e r e  become:  

1 1 
-=- (c_1, j + co, ~) : _ -  

p- t -1  2 ~  

where  

; CR' .] - -  C n _ l ,  j 
h d,j = 0, (26) 

d, .  j = - ~  (c,. j + c,~_~.~) 1 J 

In this way, fo r  f inding the va lues  cij  a t  al l  points we obtained a s y s t e m  of non l inea r  a lgeb ra i c  equa-  
t ions (25), (26) with a t r id iagona l  ma t r ix .  This s y s t e m  was  I inea r ized  over  a l ayer  f i r s t  a s s u m e d  t e m -  
p o r a r i l y  and then r e c a l c u l a t e d  by i t e r a t i ons  over  it. 

Computa t ions  w e r e  p e r f o r m e d  fo r  c o va ry ing  f r o m  0.01 to 0.95 and Ye va ry ing  f r o m  1 to 20 at  dif-  
f e r e n t  va lues  of the d i m e n s i o n l e s s  t ime p a r a m e t e r  | The computa t ion  was  ended at  those  values  | = @s 
which c o r r e s p o n d  to the par t i t ion  coef f ic ien t  of ex t r ac t ion  as defined by Eq. (14). 

The r e l a t i on  be tween | and Ye = 2 [n (q) is shown in Fig. i fo r  va r ious  values  of the init ial  c o n c e n -  
t ra t ion.  Curve  4 on the s a m e  d i a g r a m  c o r r e s p o n d s  to Eq. (3). It fol lows f r o m  these  c u r v e s  that  the t ime 
n e c e s s a r y  to r e a c h  the des i r ed  condi t ions  for  ex t r ac t ing  the concen t r a t e  can be ca lcula ted  f r o m  the init ial  
t r a n s f e r  only if 

y~ < 6, (27) 

i .e . ,  when the par t i t ion  coef f ic ien t  is g r e a t e r  than 20. It is a l so  evident f r o m  the s a m e  d i a g r a m  that the 
r i gh t -hand  l imi t  in unequal i ty  (2) is not r eached  a t  l a rge  va lues  of Ye. 

As the ini t ia l  concen t r a t i on  is  d e c r e a s e d ,  the s tab i l iz ing  t ime at the s a m e  value of the par t i t ion  coe f -  
f ic ient  i n c r e a s e s  and, t h e r e f o r e ,  the s t a t emen t  in [3] that  fo r  an ideal  funnel | is independent  of the ini t ial  
concen t r a t i on  a p p e a r s  fa lse .  In r ec t i f i ca t ion ,  whe re  par t i t ion  coeff ic ients  r e a c h  v e r y  high va lues  (Ye = 20-  
40), this point a c q u i r e s  spec ia l  s igni f icance .  The data in Fig.  1 con f i rm  the fact  es tab l i shed  e a r l i e r  fo r  a 
co lumn of cons tan t  c r o s s  sec t ion  [9], name ly  that  par t i t ion  b e c o m e s  m o r e  ef fec t ive  as  the init ial  con c e n -  
t r a t ion  of the en r i ched  produc t  i n c r e a s e s .  

An ana lys i s  of the obtained r e s u l t s  shows that,  f r o m  the ins tan t  when ex t r ac t ion  begins,  the con c e n -  
t r a t i on  will  r e m a i n  cons tan t  with t ime  at  the end of the funnel only, white at  o ther  sec t ions  of the funnel 
the t r a n s i e n t  p r o c e s s  will  cont inue until  

At the t ime  | a s  can be seen  in Fig. 2, the value, of the par t i t ion  coef f ic ien t  at  i n t e r m e d i a t e  sec t ions  
of a funnel d i f fe rs  f r o m  its  equ i l ib r ium value and, m o r e o v e r ,  the ini t ial  concen t r a t ion  has  no s igni f icant  
effect  on this d i f fe rence  - at  l eas t  fo r  va tues  of Ye sa t i s fy ing  condit ion (27). 

This effect  Of a c o n c e n t r a t i o n  lag a t  i n t e r m e d i a t e  sec t ions  was  es tab l i shed  by Debye [10] for  c << 1. 

In connect ion  with this effect ,  the ins tan t  of t ime  when ex t rac t ion  of the concen t r a t e  at  a ca tcu la ted  r a t e  
m a y  begin b e c o m e s  somewha t  inde te rmina te .  

An ana lys i s  by R o z e n  in [2] based  on e t e c t r i c a t  s imula t ion  shows that,  a s  one begins to ex t r ac t  an  i s o -  
tope a t  | = |  the concen t r a t i on  c e at  the posi t ive  end of a co tumn r e m a i n s  a t m o s t  unchanged.  Conse -  
quently,  the t ime | m a y  be cons ide red  the t ime a f t e r  which opera t ing  condi t ions  have been  reached .  

It is i n t e r e s t i ng  to c o m p a r e  an ideal  funnel and a co lumn of cons tan t  c r o s s  sec t ion  with r e g a r d  to the 
length of the t r ans i en t  t ime.  It m a y  appea r ,  a t  f i r s t  g tance ,  that  by se lec t ing  a co lumn suff ic ient ly  long one 
can  sho r t en  the t r a n s i e n t  t ime  before  the de s i r ed  concen t r a t i on  is r e ached  a t  the posi t ive  end of the column.  
This  is conf i rmed  by the r e s u l t s  of n u m e r i e a t  computa t ions  which have been p e r f o r m e d  on the bas is  of the 
solut ion given in iS] for  a co lumn  of finite length and t e rmina t ing  at  one end into a r e s e r v o i r  of infinite 
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F ig .  1. T i m e |  s n e c e s s a r y t o  r e a c h  a d e s i r e d  p a r t i t i o n  l eve l ,  a s  
a func t ion  of Ye = 2 I n c ~ 0 / c 0 c  fo r  an  i d e a l  funnel  (sol id  l ines )  and 
fo r  an  i n f i n i t e l y  long co lumn  of c o n s t a n t  c r o s s  s e c t i o n  (dashed 
l ines )  a t  v a r i o u s  v a l u e s  of i n i t i a l  c o n c e n t r a t i o n :  1) c o = 0.05; 2) 
c o = 0.5; 3) c o = 0.95; 4) a c c o r d i n g  to Eq. (3); 5) c o = 0.5; 6) Co 
= 0.05. 

F ig .  2. P a r t i t i o n  coe f f i c i en t  q a s  a func t ion  of the  funnel  l ength  
( d i m e n s i o n l e s s  uni ts)  a t  v a r i o u s  i n s t a n t s  of t i m e ,  fo r  Ye = 6: 1) a t  
the  i n s t a n t  when o p e r a t i n g  cond i t ions  a r e  r e a c h e d  (| f o r  c o = 0.5; 
2) the  s a m e  fo r  c o = 0.05; 3) a t  s t e a d y - s t a t e  cond i t i ons  ((9 - -  ~).  

vo lume .  Indeed,  the  t r a n s i e n t  t i m e  b e f o r e  the  d e s i r e d  c o n c e n t r a t i o n  q i s  r e a c h e d  b e c o m e s  s h o r t e r .  As  
wi l l  be  shown subsequen t ly ,  h o w e v e r ,  th i s  s h o r t e n i n g  of the  t i m e  has  a l i m i t .  

Let  us  c o n s i d e r  the  e x t r e m e  c a s e ,  f0 - -  .o. A c c o r d i n g  to (13), ~0 - -  0, i . e . ,  such  a co lumn  m a y  be 
t r e a t e d  a s  one which  o p e r a t e s  wi th  p r a c t i c a l l y  no e x t r a c t i o n .  Le t  us a s s u m e ,  f u r t h e r ,  tha t  the c o l u m n  
i s  i n f i n i t e l y  long and l e t  us  p l ace  the o r i g i n  of c o o r d i n a t e s  a t  i t s  p o s i t i v e  end.  The  change  in  c o n c e n t r a t i o n  
y a t  t h i s  end wi l l  then  be d e t e r m i n e d  by the equa t ion  in  [9]: 

whi le  the c o n c e n t r a t i o n  a t  the  n e g a t i v e  end of the  co lumn,  i n f in i t e ly  f a r  away ,  wi l l  r e m a i n  c o n s t a n t  and 
. e q u a l t o  i t s  i n i t i a l  va lue .  The  v a l u e s  of 

q : cc~176 (29) 

have  been  c a l c u l a t e d  a c c o r d i n g  to (28) fo r  v a r i o u s  v a l u e s  of | and c 0. 

In c o m p a r i n g  a co lumn  of c o n s t a n t  c r o s s  s e c t i o n  wi th  the  i d e a l  funnel  one m u s t ,  ev iden t ly ,  c o m p a r e  
the  t i m e s  n e c e s s a r y  to r e a c h  the d e s i r e d  va lue  of the  p a r t i t i o n  coe f f i c i en t  a s  def ined  by  (15) and (29), 

The  d a s h e d  l i ne s  in  F ig .  I r e p r e s e n t  da t a  t aken  f r o m  the d i a g r a m  in  [9] and s u p p l e m e n t e d  a c c o r d i n g  to  
Eq. (28). An  a n a l y s i s  of the  c u r v e s  w i l l  l ead  to the c onc lu s ion  tha t  in  a co lumn  of c o n s t a n t  c r o s s  s e c t i o n  
the t i m e  fo r  r e a c h i n g  a d e s i r e d  c o n c e n t r a t i o n  i s  a l w a y s  l o n g e r  than  in  the  i d e a l  funnel .  

q = e(1 - c0)/c0(1 - c) 
q* 

e 
| = H2T/~K; 

H, K 
T 

N O T A T I O N  

i s  the  p a r t i t i o n  coe f f i c i en t  in  the e x t r a c t i o n  m o d e ;  
i s  the  p a r t i t i o n  c o e f f i c i e n t  in  the  n o - e x t r a c t i o n  mode ;  
i s  the  c o n c e n t r a t i o n ;  

a r e  the  k ine t i c  c o e f f i c i e n t s ;  
i s  the  t i m e ;  
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p = pf; 
p, fl, ~?, D 

o~ 
B 
f 
G 
OL* 

w 

h 
m 

M2, M! 
G* 
r 

R 
T 

~T  
=~/H 

f f  

J 
b = f/f0; 
Z 

are the density, volume expansivity, viscosity, and diffusivity; 
is the clearance in the thermodiffusive separator; 
is the thermodiffusion constant; 
Is the gap width in the thermodiffusion separator; 
is the transverse cross-section area of the column; 
is the vapor flow rate through the column; 
is the relative volatility; 
is the vapor flow velocity; 
is the height of a transfer unit; 
Is the number of centrifuges operating in parallel; 
are the molecular weights of separated components; 
is the gas flow rate through a centrifuge; 
is the radius;  
is the gas constant; 
is the tempera ture ;  
is the mean tempera ture  in the c learance of the thermodiffusion separa tor ;  
is the tempera ture  difference between the hot and the cold surface;  
is the dimensionless extract ion parameter ;  
is the extract ion of the concentrate  (enriched component); 
is the specific flow rate  of the concentrate  in the column; 

is the ver t ica l  coordinate. 

S u b s c r i p t s  

0 denotes the value at the origin of coordinates; 
s denotes the operating mode (quasistabilized); 
v denotes the vapor; 
out denotes outer; 
in denotes inner; 
e denotes the value at the condensate extract ion point. 
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